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Abstract. The Ising chains in a random extemal field or with random interactions
are studied, The equivalence of these models is shown, and the functional equa-
tion for the quenched free energy is derived. For the system in a random external
field we prove rigorously the non-analytical behaviour of the free energy in the lLimit
of large constant interaciions: f(J)} & exp(-2Ja*), with positive Derrida-Hilhorst
roots o < 1 determined by (exp(—2Ha"}) = 1. The generalization to quasi-one
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dimensional systems is given. The system with random interactions, the fraction of
which is infinitely large, is solved exactly. For large, bui finite interactions, we prove
again that the singular behaviour of f can be found, depending on the magnitude of
the external magnetic field and on the probability distribution of interactions.

1. Introduction

Low-dimensional systems, in spite of their restricted applicability, correctly describe a
number of phenomena associated with higher dimensions. Their equilibrium statistics
can usually be determined exactly and so they may be used as a test for general
hypotheses or make some new suggestions. However, once the model becomes random,
the space variation of its parameters prevents expression of the free energy in a closed
form, except in some special examples.

In the theory of the random-field Ising chain with constant (dimensionless) in-
teractions J {model I; for a recent review see [1}) and the Ising chain with random
interactions in a uniform (dimensionless) field H* (model II), the closed-form solutions
have been obtained at zero temperature [2-4]; building the model’s random param-
eters from the known solution, at a specific temperature [5}; considering particular
non-trivial distributions of random fieids [6,7] or taking the fields on the fraction of
sites infinitely strong [8, 9], at arbitrary temperatures.

When the exact resuits are not available, one combines analytical and numerical
methods [10] or develops series expansions of chosen quantities in powers of some small
parameter. For model I, Derrida and Hilhorst [9] elaborated a large-J expansion of
the quenched free energy in powers of ¢ = exp(—2J). They first derived the integral
equation for the unique probability disiribution 7 of auxiliary recursion variables [4]
and then averaged the free energy f,. In the limit of infinite interactions a — 0 they
showed that f, is analytical in the lowest order of a only if the (site-independent)
mean value of field variables z,, = exp(~2H,) fulfils the condition

(z)<1. (1)
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If the mean value of z is hlgher than one, they obtained the smgu]ar behaviour f,

a?®” with the exponent o* being given by the positive root of {(z* ) = 1. The procedure
of deriving Derrida—Hilhorst roots has not been justified rigorously, but the conclusion
turns out to be valid for a wide class of distributions of z [7,8]. For model II, the
non-analyticity has been observed for the ground state magunetization in the limit of
a vanishing external field [11,12].

The framework in which we set the main results of this paper is presented in
sections 2 and 3. In section 2, we map models I and II one into another. On the basis of
this ‘symmetry’ we obtain the one integral equation for function f, (%) (a = exp(—2J),
tanh( H*) for models I and II, respectively), which for the value of the formal parameter
b = a determines the free energy f, of systems (section 3). We use this equation,
which slightly differs from that derived in [6,7)], as a starting point for the study of
both models.

The existence of the equation for the free energy rather than for the probability
distribution P is of special importance. We believe that it enables us to study hoth
models in a much simpler way, especially in asymptotic regimes with ‘almost infinite
interactions’. The probability distribution P can be solved exacly in the limit of infinite
constant or (judiciously chosen) random interactions for models I and II, respectively.
Its form, however, considerably changes when interactions slightly differ from infinity.
On the other hand, f, should change only slightly in this process and so the proposed
formulation could be more suitable.

As an example of our treatment, we re-analyse model I in section 3. We explain
the origin of Derrida—Hilhorst roots and reproduce the singular behaviour of f, in a
rigorous and simpler way compared with [9].

Section 4 brings an application of the formalism to the quasi-one-dimensional case.
The integral equation for f, can be also written but in space of L = 2¥ — 1 formal
parameters b;,...,b; for a strip of width M. We show that in such systems the
condition of the analyticity of f, coincides with (1). If condition (1) does not valid,
the breakdown of the Taylor expansion indicates the non-analyticity of f, in the 2Mfth
order of a.

Section 5 deals with a counterpart of the above mentioned random-field Ising
chain in models II with a special choice of random bonds J: tanhJ} = £K and 0
with corresponding probabilities. In the limit of infinite random interactions (K =
1) we solve this model exactly. When K = 1 — ¢ (¢ — 0), we prove that under
certain conditions f, becomes non-analytical in the first, second, ..., nth order of the
expansion in €.

2. Dual properties of inhomogeneous Ising chains with broken symmetry

The ordinary duality transformation (for a review, see [13]) connects dual models
possessing a global or local Z(g) symmetry in dimensions higher than one. In this
section we construct a duality transformation for the one-dimensional Ising model
which Z(2) symmetry is broken by an applied field. This duality generates a path
between the Ising chain with diagonal inhomogeneity and that with non-diagonal
inhomogeneity.

Let us first consider the Ising chain with constant nearest-neighbour interactions
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of strength J in a varying field {#,}_,. Its Hamiltonian is written as

N-1 N
:H(S) = _‘J z 3n3n+1 - Z Hnsﬂ (2)
n=1 n=1

where s, = X1 denotes the Ising spin variable at site n. The thermodynamic limit of
the free energy per site, f(J,{H,}), is given by

~ JO{HY) = Jim < logZ™(J,{H,)). (30)
Here
200, {H,)) = 3 expl-(s) (34)
{s}

is the partition function with the summation going over all possible spin configurations.
We note that J, {H_}, H, f(J,{H,}) include the inverse temperature and so they are
dimensionless.

The above theory does not possess a global Z{2) symmetry because its Hamiltonian
(2) is not invariant under a change in the sign of all spins s,,. This deficiency seems to
prevent the construction of the duality transformation. However, the duality connects
the partition functions of the dual models, so if we find a Z(2) symmetric theory
which partition function is identical, or proportional, to ZW)(J,{H,}), we can use
this theory in performing the duality transformation for the original model (2). With
this aim, we take advantage of the invariance of Z(V)(J,{H,}) under the field-reversal
transformation H, — —H_ for all n and rewrite (34) as

2O HY) =5 3 el-H(s,s,) (ta)
{3"’=]’
where
N-1 N
H(s,8,) =T Y SnSppr— 2 Husns, (45)
n=t n=1

is the Hamiltonian of the Z(2) symmetric theory we are looking for. The introduced
‘ghost’ spin s, = +1 is placed on a new site £ which does not lie on the considered
chain.

The ghost spin concept allows us to transform the original problem of the Ising
chain in an external field to the problem of interacting Ising spins on a two-dimensional
structure O (figure 1) in zero field. We now can map this Z(2) invariant model into
its dual one. The mapping consists of a geometrical and an algebraic part: the dual
lattice D is constructed from the otiginal one O by placing a vertex in the centre of
each elementary triangle of O and then connecting each vertex of D with its nearest
neighbours as well as the dual point z situated outside the structure O (see figure 1);
the Hamiltonian of the dual Ising model on D is given by

N-1 N
H(O") == Z Jr‘:a-nan+1 - H‘ Zﬂ'nd'x (5)
n=1

n=1
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where 6, (¢,) = +1 is a disorder variable associated with site n (z) of D. Let the
crossing ‘interactions’ of the dual models be connected by the local duality relations

exp(—2J) = tanh(H*) (6a)
exp(—2H,) = tanh(J};) . (68)
‘Then the dual partition functions are proportional to each other
N
ZW(J,{H,}) = (sinh(2J))/* T] (sinh(2H,))"/?
n=1
N
X = E exp(z J‘anan+1+H'Zaﬂcr:). (M
{o g2} n=1 n=1

The inverse realization of the ghost spin method transforms the summation over spin
configurations on the right-hand side of (7) to the statistical sum, Z(¥ )({J;}, H*), of
the Ising model inhomogeneous in two-spin interactions {J;} in the uniform field H*
with the Hamiltonian

N
H(o) = ZJ"arﬂan_H - H'Zan. (8)
n=1

MTha nal dunnliter fanmnla
ALIT 1ol U lll.!-v uiula
N
ZW(J,{H,}) = (sinh(27)¥? [] sinh 2H,) 22N {13}, H?) - (9)
n=1

2Y and AR nradnerss a nath hatwaan the twn inhamnaansnne leing
Gy alla \uu}, PTGUULES @ Paud COUWEET Wil WO IMATUINIUETHLoUS l.Oll.lb

chains. It sulta.bly enriches the concept of duality between the random-field Ising chain
and the random-bond Ising models (in zero field} on a two-layer strip as presented
in {14].

Figure 1. Dual inhomogeneous Ising chains in the ghost spin method: crossing
interactions and fields are connected according to the duality relations {6a) and
(64).
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All that has been said in this section can be generalized to all higher-dimensional
Ising and gauge models which Z{q) (¢ = 2,3,...) symmetry is broken by an applied
field.

In order to make use of the duality formula (9}, we shall express the free energy
per spin of the Ising chain in a varying field {equations (34) and (38)) in terms of
non-linear recursive relations. In the spirit of the ordinary transfer-matrix technique
we start from defining the quantity Z,-(") (n=1,2,...,N;i=0,1) which corresponds
to the partition function of the chain fragment starting at site 1, ending at site n,
with the fixed up (down} edge spin for i = 0(1). It is easy to show that Z,-(") obey the
recursive relations

ZS") = exp(Hﬂ)[exp(J)Z((,”_l) + exp(—J)Zf"-l)] (104a)
™ = exp(—H, exp(=1) 2"V + exp(7) 2" 1). (108)
We propose new auxiliary variablesz,, = Z%") /Zc(,"). They satisfy the recursive relation

exp(—2J) +z,_,
1+exp(—2J)z,_,

z, = exp(—2H,) (113

in ig aynragal ihla in t
i A bAlebDDlUlb 1L U

1
- f(J,{H,]) =N]1m —]og[Z((,N)-i-Zl(N)]

z{” + 7" (1) | (1)
Jim 2‘ (‘BT"W)“’S(% +2 )]

pre)
. 1+z,
Mmoo L_2 ( ) + Zl“’g( (n-l))]

n=2

2

~ J+ lun —ZH + llm _Zlog(l—f-e}(p( 2)z,).- (12)

Here, we have neglected all terms vanishing in the limit N — oo,

The duality relations (6a), (6b) and (9) now allow us to express the free energies
per site f(J,{H,}) and f({J:}, H*) through the only type of recurrence. Namely, let
us define

log(1l + az,) (13a)

] P’[z

U = 3 3

with z,, given by
_ a+z,_;
Tn = 2Zn 1+ az,, (136)
and a = exp(—2J) (tanh H"), z, = exp(—2H,,) (tanh J}) for the Ising chain inhomo-
geneous in a field (two-spin interactions). Then, one finds

N
ALY =T+ Jim =S Hy o+ Jim (00 (exp(~2,))) (14a)

n=1
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1 N-
— f({J3}, H") = log 2 + log(cosh(H ")) + A}l_l;l’éo i z_: log(cosh(J,;

+ llm ftanhH.({tath,:}). (146)

Note that the values of parameters a, {z,,} are restricted to the interval D = (0, 00)
for the Ising chain that is inhomogeneous in a field, and P = (—1,1) for the Ising
chain that is inhomogeneous in interactions.

3. Random Ising chains

Let varying H_, in (14a) or J; in (145) be independent random variables. The problem
of the quenched averaging of the corresponding free energies per site reduces to the
problem of the gquenched averaging of £ (equations (13a) and (132)) for a given
probability distribution p(z) of z,. The usual approach, initiated in [4] and developed
by Derrida and co-workers (see e.g. [9,11]), is based on the assumption that with
increasing n a stationary probability distribution P(z) of z,, € D, independent on n
exists. Then

fo = lim f(N)-f dz P(z)log(1 + ax) (15)

N—o0

where P(z) is the solution of an integral equation deduced from recursion {(134). Here,
we propose an approach which avoids the computation of P(z) and directly leads to a
functional equation for f, itself. The method removes serious problems in determining
P(z) when the last reflects the non-trivial behaviour of f,.

The method is based on the identity

70 = [ oo [ dsyoedi o)l o(1 4 azy) (160)
where z 5 (being the function of z,,...,2y) is related to z,_, (being the function of
Zy,...,25_y) by

Iy = ZN% . (16b)
Let us extend the definition of f$"7 (equation (16a)) as follows:
100 = [ [ dneday o) plew) ol 4be). (D)

It is clear that féN) = f,(,N)(a). Substituting z (16b) into (17) and after some simple
algebra we obtain '

700) = og(1 +abe)) + (1N () - 0 D@) . (19
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Here, (---) denotes the averaging over p(z). Since in the limit N — oo f.SN)(b) =
,gN_l)(b) = f,(b), we finally arrive at the functional equation

$u(8) = Qog(i-+ abe)) + (£, (T2 ) = £u(@)) (19)

which determines the required f, = f,(a). A similar equation has been derived for
the random-field Ising chain in [6] on the basis of preliminary considerations in [15].
The function D(u), defined in [6, 7], is similar to our f,(b) but, in contrast to our
formulation, the free energy is obtained by averaging D(u) (with a field-dependent
value of u) over the distribution of random fields. Therefore, we consider our formalism
to be more suitable for the following studies in the neighbourhood of the point a = 0.

Redefining #,, — bz, (n = N — 1, N) in (164), (17) one easily shows that f,(b) is
the function of ab and a/b only. Consequently, it holds that

fa(b) = F_o(-b). (20
Definition (17) also implies that
f(0)=0. (21)

The supposed inequality {log z} < 1 leads to f,(4) = 0.
Let us suppose that ("} < 1foralln =1,2,... . With respect to (20), the Taylor
expansion of f,(b) near a,b = (0,0) can be written as

oc oo

f.h) = Z Z Comad™ (22)

n=1m=1

with 7 + m = an even number. Substituting (22} into the functional equation (19)
and comparing terms with the same powers in ¢ and b we find in a systematic way
the relations for ¢,,,. The coefficients ¢,,,, with n < m turn out to be equal zero.
Equations for the first non-zero coefficients read

ey = (2) + eq1{z) (23a)
Cop = —{%)/2~- 011(22) + 022(‘-’2) (236)
31 = —Cy1{z) + 2c99(2) + c5,(2) (23¢)

etc. The resulting expansion of f, = f,{a)

{z) o

£ o) LEDH )+ 220~ ()
T T2

1
2 (1~ {2)(1-(2))?

coincides with that obtained in [9] for the random-field Ising chain.

The ‘naive’ expansion breaks down in the 2nth order if {(z") > 1. This is not the
case of the Ising chain with random interactions ([z] < 1) for which the expansion
around H* = 0 works in all orders of a®. On the other hand, for the random-field
chain with z € (0,00) the expansion around J — oc can be highly non-trivial.

a*+0(a®  (24)
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We can expand function f,(b), with a,b small and positive, also around b = g in
powers of (b — a):

F.(0) = fala) + Z Z d,ma™(b—a)™ . (25)

n=1lm=1

As a is small, we suppose that (25) converges for |b — ¢| < a. Then, coefficients
associated with nth power of b in (22) and (25) should coincide. In this way we find
dy; = {£)/(1 — (2}), and so it diverges for {z) — 1~ in the same way as ¢,,.

These divergencies indicate the non-analyticity of f,(b) near b = 0 and on the line
a=b

fa(b) = & (ab)™ (26a)
f.(b) = f(a) +d,;0° |b— o’ sign(b—a). (268)
SO\ - AY r

Setting in (266) b — 0 one obtains 0 = f,(a) — d,,a%", which yields, comparing with
(26“), Ell = dll’ a® = /3"

Substituting (264) and (265) into the functional equation (19) we get for the
leading term the relation

(z*y=1. (27)
Thus, we have proven the non-analyticity of the free energy near ¢ — 0:
fu(@) = a®” (28)

with a* given by relation (27). The same finding, together with an approximate form
of the prefactor, has been found in [9] in a more complicated way and with the aid of
different plausible (but not rigorously justified) arguments.

4. Naive expansion for quasi-one-dimensional systems

1. H el

Aln amae [ ~

1 P ot ann
Yy Lall BUHUI.GIJLC OUr prt:vu)us COIS th-'l.d

1
of width M. The varying field H,,,, (n

PRI thn maiocn oo Tman +a dL o d ot
1UILS 1TULL UIE Lad Ve CAPALIDIVIL WO LLIE SULLLp

ti i
=1,...,N;m=1,..., M) of the Ising model

studied here will be included in =, Zam = €xp(— 2Hnm) and constant nearest-neighbour
bonds J in a = exp(—2J). It is evident that the statistical sum Z(V) consists of 2M
terms ZEN), i=0,1,..., L =2 — 1. Each term corresponds to a given configuration

of M spins in the Nth column. Let ng) (Z; (M) correspond to the configuration ‘all
spins up (down)’. The recursive relation for ZUV) Z(NJ/Z(N’ (i # 0) can easily be
found:

S(N-1 . o BIN=1)
700 = qge i ) +ab 4 T

' ' L+ Typo0

(29)

where in Q; = Q(N) = HM {1' Znm the product is over all sites on which spin is down.
a; is number of mtera.ctlon lines which connect different spins in the ith configuration;

for 0 < i< L it is positive, while
ap = 0. (30)
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In equation (29) g, is the number of spins ‘down’ and 7;; number of bonds between sites
(N, &), (N = 1,k), k=1,..., M which connect sites w1th different spins in respective
ith and jth conﬁgura.tlons One easily finds that

18: = Bi| <% < Bi+ B; Y =0. (31)
Owing to (31), the numerator in (29) is proportional to 4% and so Z{™ = a®i+Big"),
:rg") ~1(n=N-1, N). Thus we can write the recursive formula for z(N ) as
N-1
(N) 3 (N)l + Z: - a)“"lf( )
Z" - QI (N 1) (32)
1+ ZJ =1 @
with
Aj=vto+ B~ 6,20 (330)
= oy + 2[3‘ 2 2. (336)

It is important to note that once 1 or j is smaller than L, A;; > 0, while, owing to (30)
and (31),

App =0. (34)

By analogy with section 2 one can show that the quenched a.veraging of the
free energy per site is equivalent to the problem of quenched averaging of f,

limyy_, o f§)
N
1 { \
£(NM) — N a0 {“) FL Y=Y
i3 /= NMng\l_'_L‘a .'I: (éD)
n=1 |#0

for a given distribution p(z) of independent z,, (the auxiliary variables w‘("} fulfil
recursion (32) where NV is changed by n). In the spirit of our strategy, we define

SANM;: 5 PN , \
My, by) = _j j dzyy - - dapps p(21,) - pl2np)
x log (1 + Zb,-a”‘“lzgm) : (36)
i#0
. (NM) . . . .
Thus, f, = limy_, ., fa (a,...,a). Using recursive relation (32) we obtain in the

limit N — oo the functional equation

oty b = g7 (1og (14 T0am0,) ) 4 0B = o)

1%0
(37a)
with (-} = fdz, ---d?M p(z1) < p(zpg) -+, and
_ a® + aljib ati-10.
biaﬂi-l — ZJ¢0 J (376)

143500507710,
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which determines the required f, = f,(aq,...,q).
Let us suppose that the naive expansion of f,(b,,...,b,) exists. Then, in the limit
a— 0,6 -0,
M by,onbp) = Ciba™ 4., (38)
i#0
From (37a) and (37b) we can establish equations for coefficients C,. If exponent
A > 0, then (37a) and (375) yield the trivial relation for C;:
Ci={2) (={a)"). (394)
For i = L, however, owing to (34), we obtain
~ {2,) -
L= 178 (398)

where (Q,) = (2} and so C diverges for {z) = 1 as in the 1D case. As n, = 2M,
the non-analyticity of the free energy appears first in the 2Mth order of expansion
in a.

1t is still necessary to prove that the non-analyticity of f,(a,...,a) in the 2Mth
order does not occur in the next terms of the expansion. Using (374) and (378) we
derive

Mf(by,....b)= ZC‘.bia’?-‘"I + Z C,-ja)“fbia’“"l PR

iZ0 ij40
except i=j=L
+ Y Db tham 4 (40)

A0

Here C;; = 0 once 3; + §; = ;; (there are no bonds between the ith and jth configu-
rations which connect two spins ‘down’), otherwise

Oy = {0 L,j# L (41e)
PV (A1 .
qL——CL"—_‘_‘l—(QL) 'l-',éL. (416)

The symmetric coefficients D;; are given by

Dy = —1(0.9;) AL (424)
__1(0,0) -
D"L_-'il—(si) i#L (42b)

D, . =_l <Q},>(1 +‘QL)) (4_26‘
S 2(1 - (@)1 - Q) R

where {22} = (22} . The construction of the expansion was based on the inequality

Aij S (43)
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(the equality holds if §; + B; = 'r,-j), which enabled us to order terms according to
their powers. On account of the identity

A+ = A+ (44)

terms with coefficients C;; and Cj; contain the same power of a. We see that the
next failure of the naive expansion of f,(a,...,a) occurs in orders higher than 2M.
Consequently, the assumption of the non-analyticity of f,(a,...,a) in the 2Mth order
is correct.

As M increases to infinity, the free energy of the corresponding two-dimensional

system is analytical in all finite orders of a.

5. Non-analyticity of an Ising chain with random bonds

The naive expansion of the free energy of the random-field Ising chain can fail near o —
0 which corresponds to infinite constant bonds J — 0. We now study a counterpart
in Ising chains with random interactions (the fractior of which is infinitely large) and
investigate the analytical properties of its free energy.

The random bonds of the chosen model take 0, +J*, —J* with respective proba-
bilities py, p,, p.. constrained by py + p, +p_ = 1. Then we have

p(z) = pob(z) + p,6(z — K) +p_6(z + K) (45)
with K = tanh J*. Equation (19) reads

f.(6,K) = p, log(l + abK) + p_ log(1 — abK) — (p, +p_)[,(a,K)

a+bK a—bK
— K —_— K 4
+p""f“(1+abK’ )+p‘f"(1—abK' ) (46)

with ¢ = tanh(#*) (the uniform field H* is, for simplicity, positive). For K =1
(J* - co) this equation has a more suitable form:

fo(b,1) = p log(1 + ab) + p_ log(1 — ab) — (p, +p_)f,(a,1)

a-+b a—2b .
+p.fa (m,l) +p_J, (1_—(]3,1) (46")
and can be solved analytically, using the anseiz
oo
fulb V)= ) e logll+bg,(a)). (47)
n=-—o¢

The functions g, (a), g_,(a) = —g,(a) satisfy the recursive relations

a +9,(a)

14 ag,(a)’ (48)

Inpa(a) =

Evidently, g,(a) = tanh(rnf*). For coefficients «,, constrained by > a, = 1, we
obtain the system of linear equations

@, = Podn o+ Pyoa_1 tP_a, (49)
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which gives
Po
\/(1 +p,)? - p? \/(1 -p ) -pt

with

{un! 4 (p_ = p, )i+l (50a)

U p = p =y [ -py) g2
Ja+p 2 =2+ -p 252

In what follows we will deal with the special case p, = p_ = p (< 1/2). Equa-
tions (50a) and (506) then read

(500)

a, = Culnl (51a)
where u < 1 is given by

1/2p = cosh(log ) (51b)
and

C=1-uw/(1+p). (51c)

This solution can be obtained also from ‘classical’ method of Derrida: by solving
the functional equation for the probability density P(x) (in a manner similar to that
presented here) one obtains that P(z) consists of an infinite number of weighted §-
function peaks localized at integers multiplied by H*. This is due to the fact that
recursive formula (165) starting from 0, always gives the same succession of zs. The
same effect is visible from our equation (46’): for a = tanh(H*), b = tanh(y), g,(a) =
tanh(nH*), the y are confined to values nH*, n integer, and so the values of b, which
appear in (46') are confined to the simple countable set.

For K < 1, this ‘ideal’ picture will be damaged. The probability density P(z) is
expected to be of a considerably different form: the §-function peaks will move and,
in the limit N — oo, we should expect P(z) of the form of some broaden peaks rather
than of an infinite number of é-peaks. In our picture, one can no longer consider
fa(b, K) in the form of the infinite sum. We have not found a method of solving this
problem exactly. Nevertheless, we have succeeded in analysing of the behaviour of
fa(b,1—¢) in the limit ¢ — 0.

Before proceeding further, let us rewrite f,(b,1) into the more suitable form:

f(0,1)=CY p log(1 — g2 (a) . (52)

n>0

f.(b,1) converges to a finite constant for any 0 < b < 1. However, this is not true for
its derivative

Bf (b 1) = _chz" = 62 2(a (53)

Indeed, one can easily find that for b = 1 it converges only for

logp)
*= 1. 54
@ 2H (54)
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For this case, we can differentiate equation (46) with respect to K and seek

ha(b) = fo(8, 1) — fo(b,1 - ¢) (55)
in the standard way as
81,8, K)
h () = —2—* ;
a(b) 5K K=1€

For 0 < a® < 1, the sum (53) diverges for b = 1, and so f,(b,1) becomes non-
analytical in the neighbourhood of & = 1. It can be shown, using for instance the
procedure presented in appendix 1 of [9], that

fulb1) = f(1L1)-O[(1=-5)*]  b—1. (56)

One can also estimate the exponent o* by an another method. Taking b = 1 - ¢
(¢ +0)wehavefora <1 (a+d)/(1+ab)m1—[(1-a)/(1+a)lE, (a—0)/(1—ab)=
-1+ [(1+ a)/(1 — a))Z. Insertmg this into (46’) and considering f,(8,1) = f,(—5,1)
we get for the terms ~ €% an equation

1 1—a\* 1+a o .
p_(1+a) +(l—a) = 2cosh(-2H"a"). (57)

Owing to (513) we arrive at (56).
The functional equation for h,(b) can be now derived by the substraction of equa-
tions (46") and (46) with K =1 — €. The difference

a+b a+b(l—¢)
f“(l+ab'1) —f“(1+ab(1—s)’1_€)
could be written as

a+ b1 —¢)
h°(1+ab(1—e)) + A,

a+b a+b{l—¢)
= 1 —_— 1]
As JF(1+ ab’ ) f(l+ab(1—5) (58)
Owing to (56), A is of order €% for b 1 (e.g. b =1~ Ae). In this way we obtain
the system of equations

with

1 2a2b%¢ a4+ b1 —¢
L= eii=o)

P " 1—a?b? 1+ ab(1—¢)
a-—b(l—¢)
+h, (m) (59)

We can rewrite functional equation (59) as a system of linear equations by setting
b—ifN. N> 1fe,i=1,...,N:

+AL+A —2ha(a)+ha(

N
ZA‘JhJ = CSI)EQ' + C'(-2)E + o (60)
j=1
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Figure 2. The form of the matrix A from equation {(60). The diagonal full line
represents Aj; = 1/p, and the vertical broken line represents 4;; = 2 with j = aN.
The heavy full curves determine the position of ha{(a + 5(1 — £))/(1 + ab(1 — e)))
and hg({a — b{1 - £))/(1 = ab{1- e))) respectively, It is clear from the structure of
equations, that if A; = 0 for all { < 1/, then h; = 0 also for ' < i < . By induction,
one obtains h.‘ =0foralli< N.

where the structure of matrix A is depicted in figure 2 and components of vector ¢(!)
are non-zero only for large values of i . Omlttmg the term O (g) in (60), one gets
the system of linear equations, which has the unique solution ;, proportlonal to e
Let us suppose for the moment, that h; = 0 for all i smaller than some . Then one
easily finds, from the structure of equations (60), that &; = 0 also for all i* < i < i
(figure 2). The same procedure can be repeated, and, finally, one obtains all ﬁ,- =9,
except, maybe ¢ = N. This, however, disagrees with the fact that vector ¢{!) has
non-zere components for large 1.
On the basis of the above considerations we conclude that

ho(b) ~ (61)

for all b, and so
fla,1—e) = f,(a,1) - O(e*). (62)
We can proceed further and analyse the higher-order terms of the expansion in e,

In this way, we need the kth derivative f5¥'(b,1) = 8* f,(b,1)/8b*. One easily finds,
using the same considerations as explained above, that the condition

pexp(2kH") < 1 (63)
is necessary to assure the convergence of fc(;k)(b, 1) forb=1. Thus, if

E<a’(a,p)<k+1 (64)
then the expansion of f,(b, 1) near & = 1 becomes non-analytical in the (k + 1)th order
in (1 — b). We therefore conclude, on the base of the same arguments as above, that

the inequality (64) determines parameters a,p for which f,(a, 1 —¢) is analytical up
to the kth order in ¢, and is singular in the (k + 1)th order as €%
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a

Figure 3. The regions in the (a,p)-plane in which faz(a) is non-analytical in the first
(1), second (II), ... order of expansion in &.

6. Concluding remarks

We would like to emphasize that the non-analyticity of the free energy in the regime
with ‘a fraction of almost infinite random interactions’ originates from the singular
behaviour of function f,(b,K = 1) near b6 = 1. We therefore conclude that our
approach is so far the only one able to explain this interesting phenomena. The singular
behaviour of f, at a given point on plane (tanh *, p) (figure 3) is determined by the
positive parameter a* defined in (54). Its integer part [o*] implies the last order
of £ at which the Taylor expansion does not break down. It is clear that for each
point on the plane {tanh H*, p) the Taylor expansion breaks down at a certain order.
Since for an arbitrary small field H* and an arbitrary small concentration p of infinite
plus/minus interactions a spin configuration cannot satisfy all interactions and the
field simultaneously, this fact confirms the effect of the frustration on the singular
properties of the free energy.
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